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Abstract 

Hadamard matrices, orthogonal designs and amicable orthogonal designs have a number 
of applications in coding theory, cryptography, wireless network communication and so on. 
Product designs were introduced by Robinson in order to construct orthogonal designs es¬ 
pecially full orthogonal designs (no zero entries) with maximum number of variables for 
some orders. He constructed product designs of orders 4, 8 and 12 and types (l(3) 

(l(3); 1(3); 5) and (1(3); 1(3); 9), respectively. In this paper, we first show that there does not 
exist any product design of order n 7^ 4, 8, 12 and type (l(3); 1(3);« — 3), where the notation 
U(fc) is used to show that u repeats k times. Then, following the Holzmann and Kharaghani’s 
methods, we construct some classes of disjoint and some classes of full amicable orthogonal 
designs, and we obtain an infinite class of full amicable orthogonal designs. Moreover, a full 
amicable orthogonal design of order 2® and type (2®g);2®g^) is constructed. 


Keywords: Amicable Orthogonal Design, Circulant and Back-Circulant Matrices, Product 
Design, Radon-Hurwitz Number. 


1 Introduction 

The definitions in this section can be all found in [T]. 

A Hadamard matrix of order n is a square matrix of order n with ±1 entries such that 

= nin, 

where is the transpose of H, and In is the identity matrix of order n. It is conjectured that 
a Hadamard matrix of order 4m exists for each m > 1. 
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An orthogonal design (OD) of order n and type (ci,..., Cfc), denoted OD{n] ci,..., Cfc), is a 
square matrix C of order n with entries from { 0 , ±j;i,..., that satisfies 



i=i 


where the Xj’s are commuting variables. An OD with no zero entry is called a full OD. A 
Hadamard matrix can be obtained by equating all variables of a full OD to 1 . 

Radon [8] worked on a proposition concerning the composition of quadratic forms (extended 
by Hurwitz 0 ) which has a connection in determination of the maximum number of variables 
in ODs. According to the proposition, the maximum number of variables in an OD of order 
n = b odd, is p(n) = 80 + 2 “^, where a = 4 :C + d, 0 < d < i (see [U Chapter 1 ]). This number 
is called Radon-Hurwitz number. 

Two square matrices A and B are called amicable if = BA^. They are called anti- 

amicable if AB"^ = —BA^. Suppose that C is an OD{n; ci, C2,..., c^) with variables xi,..., 
and D is an OD{n; di,d2, ■ ■ ■, dm) with variables yi,..., Um, where the sets {xi,..., x^} and 
{yi,..., Um} are disjoint. Then (C; D) is called an amicable orthogonal design (AOD) denoted 


AOD{n; ci, C2,..., c*,; di, ^2, • • •, dm), 


if = DC^. It can be seen that if {C;D) is an AOD, then 


C D 
D -C 


forms an 


OD{ 2 n; ci, C2,..., Cfc, di, d2 , . . . , dm) ■ 


Wolfe |T 3 ] showed that the total number of variables in an AOD of order n = 2 “ 6 , b odd, is 
less than or equal to 2a + 2. 

A rational family of order n and type (ri,..., r/j), where the r^-’s are positive rational numbers, 
is a collection of k rational matrices of order n, Ai,. ■ ■, A^, satisfying 

(i) AiAj = rJn, I <i <k-, 

(ii) AiAj = -AjAj, I < i ^ j < k. 

The Hadamard product of two square matrices A = [aij] and B = [bij] of order n, denoted 
A*B, is a square matrix of order n such that its entries are computed via entrywise multiplication 
of A and B, i.e.. A* B = [aijbij]. A and B are called disjoint A A * B = 0. 

Let A = (oi,..., Qn) ■ The square matrix C = [cij] of order n is called circulant if Cij = aj-i+i, 
denoted circ(ai,..., an), where j — i is reduced modulo n. The square matrix B = [bij] of order 
n is called hack-circulant if bij = aj+j_i, denoted backcirc(ai,..., an ), where i + j — 2 is reduced 
modulo n. It is shown that (see [U Chapter 4 ]) if R is back-circulant and A and C are circulant 
matrices of order re, then B = B"^, AC = CA and BC"^ = CB^. 
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Assume that Mi, M 2 and N are ODs of order n and types (ai,...,ar), ( 61 ,..., 6^) and 
(ui, ..., rti), respectively. Then (Mi; M2; A") is called a product design (PD) of order n and 
type (ai,..., Or-; 61 ,..., 6 s;rti,... ,Mt), denoted PD[n; ai,... ,ar-,bi,... ,bs;ui,... ,ut), if the 
following conditions hold: 

(i) Ml * N = M 2 * N = 0, 

(ii) Ml + N and M 2 + N are ODs, and 
(hi) MiMj = M 2 MJ. 

The following theorem from Robinson m shows how to construct an OD by combining an 
AOD and a PD. 

Theorem 1.1 Suppose {C]Di +D 2 ) is an AOD [m] ci,...,Cfc; v,wi,... ,wi) and [Mi] M 2 ', N) 
is a PD{n', ai,..., a^; 61 ,..., 6 *; ui, ...,«*), where Di is an OD{m', v) and D 2 is an 
OD{m', wi,..., Wi). Let b, c, u and w he the sums of the bi’s, Ci’s, Ui’s and Wi’s, respectively. 
Then there exist 

(i) OD{mn', vai,... ,var,wbi,... ,wbs,cui,... ,cut), 

(ii) OD{mn', vai,... ,var,wbi,... ,wbs,ciu,... ,Cku), 

(hi) OD{mn', vai,... ,var,wib,... ,W£b,cui,... ,cut), 

(iv) OD{mn', vai,... ,var,wib,... ,web,ciu,... ,Cku). 

Robinson m constructed product designs PZl(4; 1(3); 1(3); 1), PD{8', 1(3); 1(3) ;5) and 
PD(12; 1(3); 1(3) ; 9). He used these PDs and applied Theorem 11.11 with some known AODs 
to construct some full ODs of small orders with maximum number of variables. For instance, 
he applied Theorem 11.11 to a PD(l2; 1(3); 1(3);9) and an A0D(2', 1(2); 1 (2)) to construct an 
0D(24;1(6),9(2)). 


2 A non-existence result for product designs 

Although Robinson constructed PD(4; 1(3); 1(3); 1), PD{8', 1(3);1(3);5), pd( 12; 1(3);1(3);9), 
he did not show if there is any PD{n', 1(3); 1(3); n — 3) for some n 7^ 4, 8,12. In this section, we 
show that in fact there does not exist any PD(n; 1(3); 1(3); n — 3) for all n / 4, 8,12. In doing 
so, we first mention the following well known theorems, and then we prove Theorem 12.61 

Theorem 2.1 (Vinogradov [I2])- Suppose that a, a', h and c are nonzero p-adic numbers, p is 
a prime number, and r and s are positive integers. Define {a,b)p, the p-adic Hilbert symbol, to 
be 1 if there are p-adic numbers x and y such that ax'^ + by‘^ = 1, and —1 otherwise. Then 
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(i) {a,b)p = {b,a)p, {a,c\ = l, 

(ii) (a, -a)p = 1, (a, 1 - a)p = 1, 

(iii) {aa',b)p = {a,b)p{a',b)p, 
and if p ^ 2, then 

(iv) {r,s)p = 1 if r and s are relatively prime to p, 

(v) {r,p)p = {r/p), the Legendre symbol, if r and p are relatively prime, 

(vi) {p,p)p = {-1/p). 

Theorem 2.2 (Shapiro [H])- There is a rational family of type (si,..., sg) and order 16 if and 
only if Sp{si,... ,sg) := = 1 for every prime p. 

i<j 

Theorem 2.3 (Shapiro [H]). There is a rational family of type {si,...,Sk) and order 2°'b, b 
odd, if and only if there is a rational family of the same type and order 2“. 

Theorem 2.4 (Robinson [9]). There does not exist any OD{n; 1(5),n — 5) for n > 40. 

Theorem 2.5 (Kharaghani and Tayfeh-Rezaie [7]). There is a full OD{32; 1(5), tti, ... ,Uk) if 
and only if {ui,... ,Uk) = (9,9,9) or (9,18) or (12,15) or (27). 

Theorem 2.6 There does not exist any PD{n', 1(3); 1(3); n — 3) for n ^ 4,8,12. 

Proof. If there exists a PD{n-, 1(3); 1(3); n. — 3) for some n > 20, then applying Theorem ll.il 
with an AOD{2-, 1(2); 1 ( 2 )) gives an OD(2n-, 1(g), 2n — 6) which contradicts Theorem 12.41 From 
the dehnition of PD, there is no PD{n; 1(3); 1(3); n—3) for n = 1, 2, 3, 5, 6, 7, 9, 10, 11, 13, 14, 15, 
17, 18 and 19. If n = 16, then from the above argument, there exists an OD {32] 1(g), 26) which 
is impossible by Theorem 12.51 Thus, there is no PD{lQ] 1(3); 1(3); 13). Now suppose that there 
exists a PD {20] 1(3); 1(3); 17). Applying Theorem 1 1.1 1 to this PD and an AOD{4] 1(2), 2; 1(2), 2) 
(see [H Chapter 5] for the existence of this AOD) gives an OD{80] 1(3), 3(3), 17(2), 34). Hence, by 
Theorem 12.31 there is a rational family of type (1(3), 3(3), 17(2), 34) and order 16. It can be seen 
that Theorem [2T] gives 5i7(l(3),3(3), 17(2),34) = —1 which contradicts Theorem 12.21 Therefore, 
there does not exist any PD{20] 1(3); 1(3); 17). □ 


3 Some full amicable orthogonal designs 

In this section, we combine techniques similar to [3] and m to obtain some classes of full 
amicable orthogonal designs. 
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Construction 3.1 Suppose that Ai, A 2 , B, C, D, E, F, G are square matrices of order n, and 
0 is the zero matrix. Let 
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for i G {1,2}. Now suppose that Ai, A 2 , B,C, D, E, F and G are pairwise amicable (not necessary 
ODs), and they satisfy the following properties: 

5AiAJ + BB^ + GG^ + DD^ = kin, ( 1 ) 

5A2AJ + EE^ + FF^ + GG^ = sin, ( 2 ) 

where k and s are two quadratic forms. Let 



1 0 

, P -= 

0 1 

, Q -= 

1 0 
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0 1 
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0 -1 


-1 0 
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Note that PQ^ = -QP^, RI^ = -/P^, PR^ = RP'^, PI^ = IP'^, QI^ = IQ^, RQ^ = QR^, 
NiNj = N 2 N]^, MiMJ = M 2 MJ and for i,j e {1,2}, MjN[f = -NiMj. Also, / * P = 0 , 
Q * P = 0, Mj * Ni = 0 for i,j G {1, 2}. Using Equations ([I]) and ([2]) and the above properties, 
it can be verified that the following matrices form an AOD of order 16n: 

U = Ni®I + Mi®Q, V = N2®P + M2®R^, (4) 

where ® is the Kronecker product. Moreover, it can be seen that U and V in Equation Q, are 
disjoint. 

Assume that the matrices Ai, A 2 , B, C, D, E, F and G are full (no zero entries) pairwise 
amicable, and P is a Hadamard matrix of order 2. Then the following matrices form a full AOD 
of order 16n: 


Uh = Ni®H + Mi® QH, Vh = N2^ PH + M 2 ^ R^H. (5) 

Example 3.1 Consider Ai = backcirc(x, — 6, 6), A 2 = circ(—d, d, d), B = circ(6, 6, 6), C = 
circ(—a, 6, 6), D = circ(a, 6, 6), E = circ(d, d, d), P = circ(—c, d, d) and G = circ(c, d, d). It can 
be seen that the conditions of Construction [Q hold, and so matrices Uh and Vh given by 
Equation {S]) are AOP(48; 4,10,34; 4,44) (see the appendix in [2]). 

Construction 3.2 Suppose that Ai, A 2 , B, G, D, E, P, G are square matrices of order n, and 
0 is the zero matrix. Let 
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for i G {1, 2}. Suppose that Ai, ^2, B, C, D, E, F and G are pairwise amicable (not necessarily 
orthogonal designs) and they satisfy the following properties: 

9AiAJ + BB^ + CC^ + DD^ = uln, 

9A2AJ + EE^ + FF^ + GG^ = vin, 

where u and v are two quadratic forms. Then, as in Construction 13.11 the matrices U and V 
in Equation Q along with these new matrices (Mi, M2, A^i, N 2 ) form an AOD of order 24n; 
and U and V are disjoint. Moreover, matrices Ufj and Vh in Equation ([5]) along with these new 
matrices (Mi, M2, A^i, N2) form a full AOD of order 24n, provided the matrices Ai, A2, B, G, 
D, E, F and G in this construction have no zero entries. 

In the following two examples, we construct two full AODs using the above construction, 
and we refer to the appendix in [2] for the display of these AODs. 
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Example 3.2 Suppose that Ai = backcirc(x, — 6, 6), A 2 = ciicc{—d,d,d), B = drc(6,6, 6), C = 
circ(6, 6,6), D = circ(6, 6,6), E = circ(d, d, d), F = circ(d, d, d) and G = circ(d, d, d). Then they 
satisfy all the conditions of Construction 13.21 and so matrices Uh and Vh given by Equation (f5|) 
form a full dOT>(72; 18,54; 72). 

Example 3.3 Consider Ai = backcirc(a, —a, —a, a, —o, a, a), A 2 = circ(c,—c,—c,c,—c,c,c), 
B = circ(5, a, a, a, a, a, a), C = circ(—6, a, a, a, a, a, a), D = ciic{a,—a,—a,a,—a,a,a), E = 
circ(d, c, c, c, c, c, c), F = circ(—d, c, c, c, c, c, c) and G = circ{c,—c,—c,c,—c,c,c). It can be 
verified that these matrices satisfy all the conditions of Construction 13.21 and so matrices Uh 
and Vh given by Equation ([5|) form a full 168; 4,164; 4,164). 

Remark 3.1 If we replace matrices Ai, B, G, D, E, F and G by variables in Constructions 
[Q and 13.21 then matrices Mi, M 2 and A^i will form product designs PZl(8; 1,1,1; 1,1,1; 5) 
and PZl(l2; 1,1,1; 1,1,1; 9) , respectively. 

4 An infinite class of full amicable orthogonal designs 

In this section, we choose two full AODs that can be constructed from Constructions [Q and 
13.21 and show how one can obtain an infinite class of full AODs by using them. The following 
theorem is an application to an algebraic result that Kawada and Iwahori [5] obtained. 

Theorem 4.1 (see [H Chapter 5]). Suppose that {A]B) is an AOD of order n. Let t be the 
number of variables in B and pt{n) he the number of variables in A. Also, n = 2^°'~^^d, where 
0 < 6 < 4 and d is an odd number. Then 

Pt{n) < 8a - t + d + 1, 

where the values of 6 are given in the following table: 
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t = 0 (mod 4) 

0 
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t = 1 (mod 4) 

1 
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t = 2 (mod 4) 

-1 
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5 

t = 3 (mod 4) 

-1 

1 
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Theorem 4.2 (Wolfe [l3]). Suppose that there is an AOD{n] ui,U 2 , ■ ■ ■ ,Ur\vi,V 2 , ■ ■ ■ ,Vs') ■ 
Then for each t > 1, there is an 


AODil^n] ui, ui, 2ai,..., 2* ^ui,2^U2, ■ ■ ■ ,2^Ur\ 2^vi,2^V2, ■ ■ ■ ,2^v_ 











Construction 4.1 Replacing Ai, B, C, D, A 2 , E, F and G by variables in Constructions [34] 
and 13.21 respectively, one obtains 


AOD{lQ- 2,2,2,10; 2,2,2,10) and AOD{24; 2,2,2,18; 2,2,2,18). 

Applying Theorem 14.21 for these AODs, one obtains an infinite class of full AODs: 

AOd(2^- 2""^ 10,10,5-22,..., 5-2"-^; 2""^5-2"-^), n > 4, 

AOd(2'^-3; 2"y^ 18,18,9-22,..., 9-2^-3. 2^-2,9 ., n > 3. 

Example 4.1 From Construction ITTl we obtain 

(i) AOD{2A; 2,2,2,18; 2,2,2,18), 

(ii) AOD{48; 4,4,4,18,18; 4,4,4,36), 

(hi) AOD{96-, 8,8,8,18,18,36; 8,8,8,72). 

According to Theorem 14.11 these AODs have taken the maximum number of variables. We refer 
to the appendix in [2] for the display of these AODs. 


5 A full amicable orthogonal designs in 16 variables 

In this section, we construct an AOD(2®; 2®g^; 2|’g^), and consequently an OZl(2^°; 

Theorem 5.1 (Wolfe [T3]). Given an integer n = 2^d, where d is odd and s > 1, there exist 
sets A = {Ai,... , Ag+i} and B = {Ri, ..., Rs+i} of signed permutation matrices of order n 
such that 

(i) A consists of mutually anti-amicable and disjoint matrices, 

(ii) B consists of mutually anti-amicable and disjoint matrices, 

(iii) for each i and j, Ai and Bj are amicable. 


Proof. For each k, 2 < k < s -\-1, lei 

Til = ( 01=1 /) 0 Id, Afc = ( 0 R 0 ( 0tfc P) 0 Id, 

and 

Bi = ( 0-=i P) 0 Id, Bk = ( /) 0 Q 0 ( 0tfc P) 0 Id, 

where /, P, Q, R are given by Equation ([3]), and Id is the identity matrix of order d. Then the 
matrices Aj’s and Bfs (1 < i < s + 1) satisfy properties (i), (ii) and (iii). □ 
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Lemma 5.1 There exists an AOD(2^] 2®g^; 


Proof. Suppose that A = {Ai, ..., ^g} and B = {Bi, ..., Sg} are two sets of signed permu¬ 
tation matrices of order 2^ satisfying properties (i), (ii) and (iii) of Theorem 15.11 Let H he a 
Hadamard matrix of order 2^. For each j, 1 < j < 4, let 

= ■^X2j-l{A2j-l - A2j)H + -X2j{A2j-l + A2j)H 

and 

= 2y2j-i{B2j-i - B2j)H + -y2j{B2j-i + B2j)H. 

Note that for 1 < i / j < 4, XiXj = -XjXj and YiY^ = -YjY^. For 1 < < 4, 

XiY^ = YjXj. Also, for each j, 1 < j < 4, 

XjXj = + xlj)l27 and T.-F/ = + ylj)^^. 

Let 

C = I<^l0Xi+l0P(^X2 + P<^I^X3 + P^P(^X4, 

D = I ® I ®Yi + I ® P ®Y2 + P ® I ®Y^ +P®P®Y4^. 

8 8 

It can be directly verihed that CC^ = ^2® ^ xj^ I 29 , DD^ = ^2® ^ yf^ I 29 and CD"^ = DC"^. 

i=l i=l 

Therefore, C and D are an AOD{2‘^-, 2|’gp 2®g^). □ 

Theorem 5.2 There is an 0D(2^^] 


Proof. Let C and D be the matrices constructed in the proof of Lemma l5.ll Since CD^ = 

C D 


DC^, it can easily be verified that 


D -C 


is an OH (2^0; 2f^g)) 


□ 


Kharaghani [6] constructed an OD(2^^] 2®^g^) using a different method. Since the maximum 
number of variables in an AOD of order 2® is 14, there does not exist any A0D(2^; ^^8))’ 

however, it is not known whether or not there exists an AOD[2^] 2^g^; 2^g^). Although one 
of the main purposes of Robinson [IDj for introducing PDs was to construct full ODs with the 
maximum number of variables, he did not construct any full OD of order 128 with 16 variables. 
It is not known whether there exists any full OD of order 128 with the maximum number of 
variables. In fact, it is conjectured [6] that whether there exists an OH(l28; 2^^g^). 


10 




6 Acknowledgement 


The paper constitutes a part of the author’s Ph.D. thesis written under the direction of Professor 
Hadi Kharaghani at the University of Lethbridge. The author would like to thank Professor Hadi 
Kharaghani for introducing the problem and his very useful guidance toward solving the problem 
and also Professor Rob Craigen for his time and great help. 


References 

[1] Geramita, A. V. and Seberry, J.: Orthogonal designs, Lecture notes in pure and applied 
mathematics, Quadratic forms and Hadamard matrices, Marcel Dekker Inc., New York, 45 
(1979). 

[2] Ghaderpour, E.: Asymptotic existence of orthogonal designs. Thesis (Ph.D.)-University of 
Lethbridge (Canada), ProQuest LLC, Ann Arbor, MI, (2013). 

[3] Holzmann, W. H. and Kharaghani, H.: On the amicability of orthogonal designs, J. Combin. 
Des., 17 (2009), 240-252. 

[4] Hurwitz, A.: Over the composition of quadratic forms. Math. Ann., in German, 88 (1923), 
1-25. 

[5] Kawada, Y. and Iwahori, N.: On the structure and representations of Clifford algebras, J. 
Math. Soc. Japan, 2 (1950), 34-43. 

[6] Kharaghani, H.: On the asymptotic existence of complex Williamson Hadamard matrices, 
Australas. J. Combin., 10 (1994), 225-230. 

[7] Kharaghani, H. and Tayfeh-Rezaie, B.: Some new orthogonal designs in orders 32 and 40, 
Discrete Math., 279 (2004), 317-324. 

[8] Radon, J.: Linear crowds of orthogonal stencils, papers from the mathematical seminar of 
the Hamburgishen Universitat, in German, 1 (1922), 1-14. 

[9] Robinson, P. J.: A non-existence theorem for orthogonal designs, Utilitas Math., 10 (1976), 
179-184. 

[10] Robinson, P. J.: Using product designs to construct orthogonal designs. Bull. Austral. 
Math. Soc., 16 (1977), 297-305. 

[11] Shapiro, D. B.: Similarities, quadratic forms, and Clifford algebras. Thesis (Ph.D.)- 
University of California, Berkeley, ProQuest LLC, Ann Arbor, MI, (1974). 


11 


[12] Vinogradov, I. M.: Elements of nnmber theory, Dover Pnblications Inc., New York, (1954). 

[13] Wolfe, W. W.: Orthogonal designs, amicable orthogonal designs, some algebraic and com¬ 
binatorial techniques. Thesis (Ph.D.)-Queen’s University (Canada), ProQuest LLC, Ann 
Arbor, MI, (1975). 


12 


